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Abstract
We consider the question of when a finite volume hyperbolic (n + 1)-manifold M may be
embedded as a complement of a closed codimension-k submanifold A inside a closed (n + 1)-
manifold N . This is possible if and only if every flat manifold E corresponding to an end of M
is either an S0- or S1-bundle, i.e., k is either 1 or 2. We give criteria when a flat manifold E is
an S0- or S1-bundle and use them to determine which of the 10 flat 3-manifolds are S0- or S1-
bundles. Also, we construct examples of flat manifolds in every dimension 3 that are not S0- or S1-
bundles, showing there are obstacles, in general, to viewing hyperbolic manifolds as complements.
Furthermore, in contrast to the 3-dimensional case, where there are infinitely many knot complements
with a hyperbolic structure, we show that there are at most finitely many 4-manifolds M that
are codimension-2 complements inside any fixed N (e.g., the 4-sphere). If M is a codimension-1
complement, we show that the universal cover of N is Rn+1 and, with an additional assumption,
that for a given M there are only finitely many choices for N . It should be noted that some of the
results involving dimension 4 depend on an extension of a theorem of Farrell and Hsiang which was
asserted to be true without proof by Quinn [Math. Rev. 84k (1984) 57017]. Also, some of the results
involving dimension 3 require the assumption of irreducibility.  2002 Elsevier Science B.V. All
rights reserved.
AMS classification: 53C10; 57M50; 57S30
Keywords: Noncompact finite-volume hyperbolic manifolds; Flat manifolds; S0-bundles;
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Introduction
A finite-volume noncompact hyperbolic (n + 1)-manifold M may be represented (see
[1] or [2]) as a union of a compact piece M and a finite number of ends, each of which
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is of form E × [0,∞), where E is a compact Euclidean (also called flat) n-manifold. The
components of the boundary of M are the mentioned flat manifolds. Since intM ∼=M we
also say that the flat manifolds are the boundary of the manifold M .
When n = 2 the only possibilities for E are either a torus or a Klein bottle. Each of
these is an S1 bundle over the circle, so E× [0,∞) may be thought of as a punctured disc
bundle over a circle. Hence, each end of M may be seen as a complement of a circle inside
a solid torus or a “solid Klein bottle”. By attaching the solid tori or Klein bottles along the
boundary to the manifold M we get a closed 3-manifold N . Then M will be a complement
of several circles inside N (i.e., a link complement).
The purpose of this note is to establish the analogue for higher dimensions: when may
we think of a noncompact hyperbolic (n + 1)-manifold M as a complement of a closed
codimension-k submanifold A inside a closed (n+ 1)-manifold N? If indeed we may do
so, i.e., M =N −A, we will say that M is a codimension-k complement.
It is clear that whether M is a codimension-k complement will depend only on the ends
of M , that is, whether they look like a regular neighborhood of some manifold. We show
that if M is a codimension-k complement, then every boundary component of M must be
an Sk−1-bundle over some manifold. However, flat manifolds can be Sk−1-bundles only
for k = 1 or k = 2.
Conversely, let all boundary components E of M be either all S0-bundles or all S1-
bundles over some n- or (n − 1)-manifolds, respectively. Then it is easy to construct an
(n+1)-manifoldN so that M =N −A. Considering one of the ends E×[0,∞)⊂M and
the component B of A corresponding to that end, let p :E→ B be the bundle projection.
Then construct the disc bundle P =E×[0,1] ∪B/((x,1)∼ p(x)): this will be a compact
(n+ 1)-manifold with ∂P = E and we will have E × [0,∞)= P − B . By gluing P , in
any chosen way, to M along E we will have ‘filled in’ one end of M . We can do the same
for every end of M .
Thus, the deciding factor that makes M a complement is whether each of its boundary
components is an S0- or an S1-bundle. Therefore, detecting when flat manifolds are S0- or
S1-bundles is the primary focus of this paper. Of course, this would not be interesting if
all flat manifolds had this property. The initial impetus for this paper was exactly the fact
that some flat 3-manifolds turned out not to be S1-bundles which creates an obstacle to
considering some hyperbolic 4-manifolds as codimension-2 complements. It turns out this
obstacle exists in higher dimensions as well.
We first investigate the case k = 2. This is the by now “classical” situation, since a lot
of work has been done considering hyperbolic 3-manifolds as link complements, primarily
inside the sphere S3. Two references are [21] or [23], but there are many more.
We give a simple criterion (Theorem 3.1) for a flat manifold to be an S1-bundle and,
if it is, show that the base space is then also a flat manifold. We employ the criterion to
show that starting with dimE = 3 there are flat manifolds in each dimension that are not
S1-bundles over any manifold. This means that already some hyperbolic 4-manifolds may
not be codimension-2 complements.
It should be noted that in several proofs we use the fact that an aspherical n-manifold
F whose fundamental group is isomorphic to the fundamental group of a flat manifold
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E is homeomorphic to E. When n = 3,4 this is a theorem of Farrell and Hsiang (see
Theorem 1.2). For n= 4 the statement was asserted to be true without proof in [17]. When
n = 3 one needs to assume that the manifold F is irreducible in order to get the same
conclusion. In the paper, these restrictions are noted wherever we would need to make use
of the extension to Farrell and Hsiang’s theorem.
In the last few years several authors have constructed a number of examples of
noncompact hyperbolic 4-manifolds [16,19,14]. Among them, as it turns out, there are
plenty of manifolds that are and that are not codimension-2 complements. For those that
are, it is unclear as of yet whether they are complements inside a familiar manifold N , say
the 4-sphere. We show that if such examples exist, their number is limited: there exist at
most finitely many hyperbolic 4-manifolds that are a codimension-2 complement inside a
given closed 4-manifold N , such as the 4-sphere (Theorem 4.11).
As far as this author knows, hyperbolic manifolds have not been studied as codimen-
sion-1 complements. The reason we investigate this case, aside from completeness, is that
some unexpected properties of the manifold N arise that are in contrast with properties
of viewing hyperbolic 3-manifolds as codimension-2 complements. Recall that filling in
ends of M = S3 −{link} in various (codimension-2) ways corresponds to Dehn surgery on
the link. It is known that almost all of those surgeries yield closed hyperbolic manifolds
(see [21,18]) whose volumes converge to the volume of the manifoldM , so infinitely many
of them are nonhomeomorphic.
Now let M = N − A be a codimension-1 complement (this will happen if and only
if all boundary components of M are S0-bundles). We show that the universal cover of
N is Rn+1 and that N is never hyperbolic. Furthermore, we show that there are only
finitely many nonhomeomorphic N ’s inside which M is a codimension-1 complement
(Theorem 5.8). This requires an additional technical assumption: that each boundary
component of M be an S0-bundle over a manifold with the same holonomy group as E.
We prove criteria to detect when a flat manifold is an S0-bundle over a (necessarily
flat) manifold with the same holonomy group. An interesting consequence of these criteria
is that every flat manifold that is an S1-bundle is automatically an S0-bundle over a flat
manifold with the same holonomy group (Corollary 6.3).
A good portion of the paper consists of examples. We use the criteria mentioned above to
determine which of the 10 flat 3-manifolds are S0- or S1-bundles. Also, we find examples
of flat manifolds in every dimension that are not S0-bundles and those that are not S1-
bundles.
1. Some flat manifolds facts
We first briefly recall some facts about flat manifolds and their fundamental groups that
we are going to use. Our sources were mostly [5,8], but some information can be found
also in [2,26].
A flat (or Euclidean) manifold, is a manifold of formRn/G, where G is a discrete freely-
acting subgroup of Euclidean isometries of Rn. An element g ∈ IsomRn may be written as
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g(x)=Ax+ a, where A ∈O(n) and x, a ∈Rn. The orthogonal transformation A is called
the rotational part of g—notice that g → A defines a homomorphism IsomRn p→ O(n).
Clearly g is a translation if and only if A= I . When an element g ∈ IsomRn has no fixed
points it can be seen that ker(A− I) = 0 and that a has a nonzero component in the first
factor of the decomposition Rn = ker(A− I)⊕ im(A− I). Furthermore, after a change
of coordinates by a translation we may assume that a ∈ ker(A− I). Then we call a the
translational part of g.
The following well-known theorem reveals the structure of discrete subgroups of
IsomRn whose quotient Rn/G is compact. Such groups are called crystallographic. The
torsion-free among them are called Bieberbach groups and they are the ones that yield flat
manifolds.
Theorem 1.1 (Bieberbach’s theorems). Let G be a discrete subgroup of IsomRn so that
Rn/G is compact.
(1) The subgroup K of translations of G is a rank n free Abelian group whose vectors
span Rn. Furthermore, K has finite index in G.
(2) If G′ is another group as in the assumption of the theorem, and f :G→ G′ is
an isomorphism, then f (g)= dgd−1, where d is an affine transformation (d(x)=
Ax + a, A ∈GL(n,R), a ∈Rn).
(3) Up to an affine change of coordinates, there exist only finitely many groups G.
We also make much use of the following
Theorem 1.2 (Farrell–Hsiang). Let Fn, n = 4, be a closed aspherical manifold such that
π1Fn is isomorphic to π1En, where En is a closed connected flat manifold. If n = 3
assume, in addition, that Fn is irreducible. Then Fn is homeomorphic to En.
Remark 1.3. The theorem holds for n = 4 as well, as is claimed in the review of [8]
(see [17]). The author has received additional confirmation of this fact in a personal
communication from Farrell, but does not know of a paper where this proven. Thus, the
results of this paper would hold without the restrictions on dimension imposed in several
places.
Proof of Theorem 1.2. The theorem for n = 3,4 is a result of Farrell and Hsiang (see [8]).
The claim in dimension 3 is a simple application of Waldhausen’s theory of sufficiently
large manifolds, using the following theorem from [11]:
Theorem 1.4 (Heil). Let E, F , be closed 3-manifolds that are P 2-irreducible, i.e., they
are irreducible and do not contain any 2-sided projective planes. If E is orientable, let
it be sufficiently large. Suppose σ :π1F → π1E is an isomorphism. Then there exists a
homeomorphism g :F →E which induces σ .
Thus, Theorem 1.2 for n= 3 will follow if we show that F does not contain a 2-sided
P 2 and that every flat manifold E is P 2-irreducible and sufficiently large when orientable.
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Both E and F are P 2-irreducible because their fundamental groups are torsion-free (E
is irreducible since its universal covering is R3). Up to homeomorphism, there are only
ten closed 3-dimensional flat manifolds, 6 orientable and 4 nonorientable. A list may be
found in [26] or the original paper [13]. (Several of the manifolds are described in this
paper as well—see Sections 4 and 7.) Of the 6 orientable flat manifolds, 5 have infinite
first homology groups, implying they are sufficiently large.
The 6th one, denoted R3/G6 in [26,13] and described in Example 4.2, can directly be
found to contain an incompressible 2-sided surface. Consider the fundamental polyhedron
for G6. The square [−1,1] × [−1,1] × {0} projects down to a Klein bottle K ⊂ R3/G6
that is incompressible but not 2-sided. A regular neighborhood W of K is the image of
[−1,1] × [−1,1] × [−ε, ε] under identification. Its boundary is the torus ∂W which is
2-sided. It is also incompressible, because the composite of the double covering T 2 →K
with the embedding K ↪→ R3/G6 is injective on fundamental groups and is homotopic to
the embedding T 2
∼=→ ∂W ↪→R3/G6. ✷
Another theorem from [8] that will be exploited is
Theorem 1.5 (Farrell–Hsiang). Let Xn+k be the total space of an Ik-bundle with base
space E that is a closed flat manifold. Then the set of homotopy-topological structures
S(Xn+k) is trivial for n+ k > 4.
Recall (see [8]) that a homotopy-topological structure on Xn+k is a pair (Y n+k, f ),
where Yn+k is a compact manifold and f :Y → X is a homotopy equivalence that maps
∂Y to ∂X homeomorphically. Two structures (Y,f ) and (Y , f¯ ) are said to be equivalent if
there exists a homeomorphism g :Y → Y with f¯ g homotopic to f relative ∂Y . The set of
equivalence classes of structures on Xn+k is denoted by S(Xn+k).
Finally, in several places we will need to look at crystallographic groups as purely
algebraic objects. An algebraic characterization of crystallographic groups is: G is
crystallographic if and only if it is finitely generated and contains a maximal, under
inclusion, subgroup K among all its Abelian subgroups of finite index and K is torsion-
free. The subgroup K can also be characterized as the set of all elements in G with finitely
many conjugates. (When G is realized as a subgroup of IsomRn then K is exactly the
subgroup of translations.) Every crystallographic group G fits into the exact sequence
0 → K → G p→ Φ → 1, where Φ is finite. The group Φ is called the holonomy group
of G and, if we view G as a subgroup of IsomRn, p is the restriction to G of the above
map IsomRn→O(n).
For a given finite group Φ and a free Abelian group K on which Φ acts, there is a
one-to-one correspondence between equivalent exact sequences 0 → K →G→ Φ → 1
and elements of the group H 2(Φ;K). (K need not be the maximal Abelian subgroup.) An
element of H 2(Φ;K) given by a normalized cocycle c :Φ × Φ → K (that is, c(σ,1) =
c(1, σ )= 0, δc= 0) determines G as the set Φ ×K with the multiplication
(σ, k)(σ ′, k′)= (σσ ′, σ · k′ + k + c(σ,σ ′)),
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where σ,σ ′ ∈ Φ and k, k′ ∈ K . Here σ · k′ denotes the action of Φ on K , which can be
thought of as coming from conjugation in G. If f :G→ G is an isomorphism such that
f (K) = K (which happens, for example, if K is the maximal free Abelian subgroup)
then it must have the form f (σ,m) = (f · σ,f (m)) and must satisfy f (c(σ,σ ′)) =
c(f · σ,f · σ ′). The expression f · σ denotes the action of f on Φ by conjugation, which
is defined since we may think of both f and Φ as subgroups of AutK .
2. Ends of hyperbolic manifolds as regular neighborhoods
In the whole paper, M will denote a finite-volume noncompact hyperbolic (n + 1)-
manifold (hyperbolic manifold for short). Let M be embedded in a closed (n + 1)-
manifold N so that M = N − A, where A is a codimension-k closed submanifold of
N that has as many components as there are ends of M . We assume that A has a
tubular neighborhood in N , that is, A has a neighborhood in N that is a k-disk-bundle
over A. Since Theorem 1.2 yields only homeomorphisms, we work in the topological
category. Let B1, . . . ,Bm be the components of A and let Ei × [0,∞) be the end of M
that corresponds to Bi . Each Ei is a compact flat manifold. The compact part of M is
M =M − (E1 × (0,∞) ∪ · · · ∪ Em × (0,∞)) whose boundary is E1 ∪ · · · ∪ Em. The
interior of M is homeomorphic to M , so we will abuse language and say that each Ei
bounds M .
Note that, for example, when k = 1, m= 2 and M is bounded by two homeomorphic flat
manifolds E ∼=E1 ∼=E2, we may glue them together to get a closed N in which M will be
a complement of E. This is a situation we do not want to consider—hence the stipulation
that A have as many components as M has ends.
Let B be any component of A and E × [0,∞) the end of M corresponding to B . We
want to show
Proposition 2.1. If n = 4 (see Remark 1.3) and B is irreducible when n= 3, then E is an
Sk−1-bundle over B .
Before the proof of Proposition 2.1, we recall the long exact homotopy sequence of a
fibration (see [20, Theorem 7.2.10]):
· · ·→ πiF i∗→ πiE p∗→ πiB ∂→ πi−1F →·· · .
Here E is a fiber bundle (or, more generally a fibration) over B with fiber F . F i→E is the
inclusion and E p→ B is the projection.
Proof of Proposition 2.1. First consider the case n = 3,4. Set E0 = E × [0,∞), where
E × [0,∞) is the end of M corresponding to B . Now B ∪ (E × (0,∞)) is an open
neighborhood of B , so there is a tubular neighborhood V of B that is contained in it. We
can write V −B = F ×[0,1) where F is the boundary of V . Let F0 = F ×[0,1). Since F
is compact, there is an s ∈ [0,∞) so that F ⊂E × [0, s). Similarly, by compactness of E,
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there is a t ∈ (0,1) so that E× {s} ⊂ F × [0, t). Let Es =E× [s,∞) and Ft = F × [t,1).
We clearly have Ft ⊂ Es ⊂ F0 ⊂ E0. Let i denote the inclusion of any of those sets into
any of its supersets. Notice that there exist retractions E0 → Es and F0 r→ Ft . Define
g :Es → Ft by setting g = Es i→ F0 r→ Ft . We show that g and f = Ft i→ Es induce
isomorphisms on all homotopy groups. Really,
Ft
f→Es g→ Ft = Ft i→Es i→ F0 r→ Ft = 1Ft .
Hence, g∗f∗ = 1 so g∗ is surjective and f∗ is injective. On the other hand,
g∗ = πqEs i∗→ πqF0 r∗→ πqFt .
Clearly r∗ is an isomorphism and i∗ is injective being the first map in the composite
πqEs
i∗→ πqF0 i∗→ πqE0
which is an isomorphism. Therefore, g∗ is bijective from which it follows that g∗ and f∗
are inverses of each other.
Since E is flat, it is aspherical, and we have πqF ∼= πqFt ∼= πqEs ∼= πqE for q  1
implying that F is aspherical as well. Using Theorem 1.2 we get that F is homeomorphic
to E.
To apply Theorem 1.2 when n= 3 we just need to show that F is irreducible. But F is
the boundary of a regular neighborhood of the codimension-k manifoldB , so it is an Sk−1-
bundle over B , k = 4,3,2,1. Hence, F is either S3, an S2-bundle over S1, an S1-bundle
over a surface B or an S0-bundle over a 3-manifold B . The first two cases and the third for
B = S2 or P 2 are ruled out by using the fiber bundle exact sequence since π1F contains
a free Abelian group of rank three. Continuing with the third case, all surfaces B except
S2 or P 2 have R2 as their universal cover. Let R2 p→ B be the covering map. We form the
pullback bundle p∗F and notice that it is also a covering of F . However, p∗F = R2 × S1
due to contractibility of R2. The universal cover of R2 × S1 is R3 and it is easy to see that
the composite R3 → p∗F → F is a covering map. Therefore, the universal cover of F is
R3, so F is irreducible. For the fourth case, F has the same universal cover as B and this
cover is irreducible. Since a universal cover is irreducible if and only if the base space is
irreducible we get that F is irreducible as well.
Thus, in all cases E ∼= F , so E is an Sk−1-bundle, since F is the boundary of a regular
neighborhood of a codimension-k manifold B .
To prove the proposition we could also have used the h-cobordism theorem together
with the fact that the Whitehead group of a crystallographic group is 0 (see [9]), but we
would still have had to prove that E0 − intV is an h-cobordism, which was essentially
done above. ✷
Proposition 2.2. Let E be a flat manifold that is a fiber bundle over some manifold with
fiber Sl , the l-dimensional sphere. Then
(i) The number l must be 0 or 1.
(ii) When l = 1, the map induced by inclusion of a selected fiber i∗ :π1S1 → π1E is
injective and the image i∗(π1S1) is a normal subgroup of π1E.
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Proof. (i) The universal cover of E is Rn. If E were fibered by spheres Sl, l  2, each
fiber would by virtue of π1Sl = 1 lift to an embedding Sl ↪→ Rn and we would get a
fibering of Rn by l-spheres. This contradicts a result of Borel and Serre (see [4]) which
says that Rn cannot be the total space of a fiber bundle with any compact fiber other than a
point.
(ii) Assuming that fibers of E are circles, suppose that i∗ :π1S1 → π1E is not injective.
Since π1E is torsion-free, the image of a generator of π1S1 must be 1 ∈ π1E. Then we can
lift S1 ↪→ E to an embedding S1 ↪→ Rn. Doing this for every fiber would give us a fibration
of Rn by circles, again contradicting [4]. Hence, i∗ is injective. The last claim follows from
the fibration homotopy sequence, because i∗(π1S1)= ker(π1E p∗→ π1B). ✷
3. A criterion for flat manifolds to be S1-bundles
We first consider when a hyperbolic (n + 1)-manifold may be thought of as a
codimension-2 complement. According to Section 2 this will happen if and only if each
component of its boundary is an S1-bundle. The following theorem allows us to recognize
an S1-bundle among flat manifolds.
Theorem 3.1. Let E = Rn/G be a compact flat n-manifold, where G is a discrete
subgroup of IsomRn. Then the following are equivalent:
(i) E is an S1-bundle over some base manifold B .
(ii) There is an element f ∈ G so that 〈f 〉 is a normal subgroup of G and for every
g ∈G, gk ∈ 〈f 〉 implies g ∈ 〈f 〉.
Furthermore, if n = 4,5 (see Remark 1.3 concerning n= 5) then the manifold B in (i) is
homeomorphic to a flat manifold. For n= 4 we get the same conclusion if we assume, in
addition, that B is irreducible.
Proof. (⇒) Assume E is an S1-bundle over B . Let f be a generator for π1S1 ⊂ π1E. By
Proposition 2.2, 〈f 〉 is normal in G= π1E. The second part of condition (ii) is equivalent
to G/〈f 〉 being torsion-free. Since G/〈f 〉 ∼= π1B , we need to check that π1B is torsion-
free.
The fibration homotopy sequence for S1 ↪→ E → B together with Proposition 2.2(ii)
gives immediately that πkB = 0 for k  2. It follows that the universal cover B˜ of B is
also aspherical and π1B˜ = 1. Whitehead’s theorem [20, Corollary 7.6.24] then tells us that
B˜ is contractible. If π1B had a finite order element, it would have an element of prime
order. This would give a deck transformation b on B˜ of prime order. However, a theorem
of Smith asserts that a prime order homeomorphism of a contractible finite-dimensional
space must have a fixed point, which contradicts b being a deck transformation. (A group
cohomology theory reference for Smith’s theorem is, for example, [3, Proposition VIII.2.2
and VI.9.2, Example 1].) Hence, π1B is torsion-free and we are done.
(⇐) Assume condition (ii) holds. First of all, f must be a translation. This is true
because the normality of 〈f 〉 implies that f has at most two conjugates, f±1, and the
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subset of translations of G is characterized by the property that they have finitely many
conjugates (see Section 1).
The rest of the proof was carried out by the author who later found out that a more
general statement had been proven in a similar way by Vasquez [22, Theorem 4.1], so we
use it here: if L⊂K is a subgroup of the maximal Abelian subgroupK of G so thatG/L is
torsion-free, then E is a torus bundle over the flat manifold Rn−rankL/(G/L). Specializing
to L= 〈f 〉 gives us that E is an S1-bundle over Rn−1/(G/〈f 〉).
To prove the last statement: assume (i), then (ii) is satisfied. The proof of (ii)⇒ (i)
showed that E is an S1-bundle over a flat manifold B ′ which, a priori, is not the same as
B . However, from the fibration homotopy sequence it follows that B ′ is aspherical and that
π1B ′ ∼= π1E/〈f 〉 ∼= π1B , so B ∼= B ′ by Theorem 1.2. ✷
The following is easily extracted from Theorem 3.1:
Corollary 3.2. Let E = Rn/G be a compact flat n-manifold that is an S1-bundle over a
manifold B . If f (x)= x + v is the element that corresponds to the loop given by a fiber,
and g(x)=Ax + a is any element of G, where A = I and a ∈ ker(A− I), then Av =±v
and a ∦ v.
Proof. In the proof of Theorem 3.1 we already showed that f must be a translation.
Normality of 〈f 〉 means that gfg−1 = f±1 for every g ∈ G, which reads as A(A−1x −
A−1a + v) + a = x ± v in coordinates, so Av = ±v. If Av = −v then a, being a 1-
eigenvector of A, cannot be parallel to v. If Av = v and a‖v then some nontrivial power of
g would be a translation in the direction of v implying gk ∈ 〈f 〉 and g /∈ 〈f 〉, contradicting
(ii) from Theorem 3.1. ✷
4. Examples
In this section we give some examples of flat manifolds that are and some that are not
S1-bundles and show that only finitely many hyperbolic 4-manifolds are codimension-2
complements inside S4.
Up to affine equivalence, there are 10 compact 3-dimensional flat manifolds. Each is of
the formR3/G, where G is a discrete, torsion-free subgroup of IsomR3. The list of groups
G that generate the manifolds may be found in [26] or [13] and we use the notation of those
two sources.
In all examples e1, . . . , en denotes the standard orthonormal basis of the vector spaceRn.
Example 4.1. The manifolds R3/G3, R3/G4 and R3/G5 are described, along with their
fundamental polyhedra, in Examples 7.2, 7.4 and 7.3, respectively. Using Corollary 3.2
we see that none of them are S1-bundles since in every group there exist nontranslational
elements g whose rotational part has only a 1-dimensional 1-eigenspace and no (−1)-
eigenspaces. Then the translational part of g must point in the direction of the 1-eigenspace,
violating Corollary 3.2.
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Example 4.2. Consider now the group G6. We may choose as fundamental polyhedron for
this group the cube C = [−1,1]3 with the side pairings
r1 : {x2 = 1}→ {x1 = 1},
r1 =
(
translation by (1,−1,0))◦(
rotation by π about line passing through (1,0,0) and (0,1,0)
)
,
r2 : {x1 =−1}→ {x2 =−1},
r2 =
(
translation by (1,−1,0))◦(
rotation by π about line passing through (−1,0,0) and (0,−1,0)),
r3 : {x3 =−1}→ {x3 = 1},
r3 =
(
translation by (0,0,2)
) ◦ (rotation by π about the x3-axis).
The holonomy group of G6 consists of rotations by π around the x3-axis and the vectors
(1,−1,0) and (1,1,0). Clearly the only vectors that are ±1-eigenvectors of the rotational
part of every g ∈ G6 point in the directions of the three elements of the orthogonal basis
{(1,1,0), (1,−1,0), (0,0,1)}. However, each of the basis elements is also a 1-eigenvector
of a rotational part of some element whose 1-eigenspace has dimension only 1, so as in
Example 4.1, R3/G6 is not an S1-bundle.
All the other flat manifolds are S1-bundles over either a torus or a Klein bottle and
sometimes both. Clearly R3/G1 = T 3 is an S1-bundle. For the other flat manifolds, a
geometric argument that they are S1-bundles will be more instructive than to check the
criterion from Theorem 3.1. We give arguments for R3/B1 and R3/B4, while the others
are done similarly. For both of these groups we may take the cube C from Example 4.2 as
the fundamental polyhedron. In what follows, let P and Q be, respectively, reflections in
the planes {x2 = 0} and {x3 = 0}.
Example 4.3. The side-pairings that generate B1 are:
s : {x1 =−1}→ {x1 = 1}, s(x)=Qx + (2,0,0),
t2 : {x2 =−1}→ {x2 = 1}, t2(x)= x + (0,2,0),
t3 : {x3 =−1}→ {x3 = 1}, t3(x)= x + (0,0,2).
One can see that the restriction of the projection p2 :R3 → {x2 = 0} to C induces a map
p :R3/B1 → a Klein bottle, which is a fiber bundle. Similarly, restricting the projection
p3 :R3 → {x3 = 0} induces a map p :R3/B1 → a torus, also a fiber bundle. Thus, R3/B1
fibers into an S1-bundle over both a Klein bottle and a torus. Notice that both projection
maps have sections: a Klein bottle and a torus are contained in R3/B1 as images of the
squares {x2 = 0} and {x3 = 0} in C/B1, respectively.
Example 4.4. The side-pairings for B4 are:
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s1 :
{
x1 =−1, x3 ∈ [0,1]
}→ {x1 = 1, x3 ∈ [−1,0]}, s1(x)= Px + (2,0,−1),
s2 :
{
x1 =−1, x3 ∈ [−1,0]
}→ {x1 = 1, x3 ∈ [0,1]}, s2(x)= Px + (2,0,1),
s3 :
{
x2 =−1, x3 ∈ [0,1]
}→ {x2 = 1, x3 ∈ [0,1]}, s3(x)=Qx + (0,2,1),
s4 :
{
x2 =−1, x3 ∈ [−1,0]
}→ {x2 = 1, x3 ∈ [−1,0]}, s4(x)=Qx + (0,2,−1),
t3 : {x3 =−1}→ {x3 = 1}, t3(x)= x + (0,0,2).
The translation that represents a fiber loop in B4 must be in the direction of e3. Really,
using Corollary 3.2 and its notation, the vector v can be either a linear combination of e1
and e3 (i.e., in the 1-eigenspace of P ), or in the direction of e2 ((−1) eigenvector of P ).
Since e1 and e3 are eigenvectors of different eigenvalues of Q, this leaves as the only
possibility a vector in the direction of one of e1, e2 and e3. The first one is ruled out
because it spans the 1-eigenspace of the rotational part of s1s3. The second fails because
s23 (x) = x + (0,2,0), so if we write s3 in the normalized way we find a contradiction
with Corollary 3.2. Now, looking at the fundamental cube C, we see that the projection
p3 :R3 →{x3 = 0} induces a map R3/B4 →Klein bottle. The preimage in C of each fiber
is a vertical segment. This time, however, there is no section for this fibering, because there
is no section for the induced projection map p∗ :π1(R3/B4)→ π1(R3/B4)/〈t3〉, as the
following argument shows.
Edge-chasing gives us the presentation of B4:〈
s1, s2, s3, s4, t3 | s−12 s1t3, s−12 t3s1, s−11 s4s1s3, s−12 s3s2s4, s−14 s3t3, s−13 t3s4
〉
.
The fibration exact sequence gives π1B = π1(R3/B4)/〈t3〉 = 〈s1, s3 | s1s3s−11 = s−13 〉.
Were there a section of R3/B4 → B , there would be a map i :B → R3/B4 which would
induce a section of the map π1(R3/B4) p∗→ π1B . The images of s1, s3 ∈ π1B under i∗
would have to be of the form s1tk3 and s3t
l
3 in π1(R
3/B4) for some k, l ∈ Z. Since i∗ is a
homomorphism,(
s1t
k
3
)(
s3t
l
3
)(
s1t
k
3
)−1 = (s3t l3)−1
must be valid in π1(R3/B4). The first two relators in the above presentation of B4 give
s1t3s
−1
1 = t3, the last two give s4t3s−14 = t−13 . The third is s1s3s−11 = s−14 and the last one
says s3s−14 = t3. Using these, we may simplify the displayed equation to get t1+2(l−k)3 = 1,
which is impossible, since t3 has infinite order.
For the rest of the 3-dimensional examples, it is not hard to check that R3/G2 is an S1-
bundle over the Klein bottle, with a section, that R3/B2 is an S1-bundle over both the torus
and the Klein bottle, with sections, and that R3/B3 is an S1-bundle over the Klein bottle,
with no section.
It is easy to find flat manifolds in any dimension n that are S1-bundles: just take
En−1×S1, where En−1 is a flat (n−1)-manifold. We now verify the unsurprising, but not
readily transparent fact that there are orientable examples in every dimension that are not
S1-bundles.
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Example 4.5. Here is a construction that we will use several times. If E = Rn/G is a flat
manifold and f¯ :E→ E is an isometry, then Ef = E × [−1,1]/(x,−1)∼ (f¯ (x),1) is a
flat manifold. If f :Rn→Rn, f ∈ IsomRn is a lift of f¯ , then the group of Ef is generated
by G, thought of as a subgroup of IsomRn+1 in the obvious way (Rn =Rn×{0} ⊂Rn+1),
and the transformation h : (x, t) → (f (x), t + 2), where x ∈ Rn, t ∈ R. The group Gf =
〈G,h〉 is clearly discrete and it is torsion free since hGh−1 =G implies that Gf =GZ.
If P is a fundamental polyhedronE, then a fundamental polyhedron for Ef is P ×[−1,1].
Example 4.6. We start with a 4-dimensional example. It is easy to see that the rotation
by angle π around the axis x1 = x2, x3 = 0, conjugates the group G4 (see Example 7.4) to
itself, so it induces an isometry of R3/G4. By the construction from Example 4.5 we get a
4-dimensional flat manifold, whose group G is generated by
t1(x)= x + (2,0,0,0), t2(x)= x + (0,2,0,0),
r(x)=Rx + (0,0,2,0), s(x)= Sx + (0,0,0,2),
whereR(x1, x2, x3, x4)= (−x2, x1, x3, x4) and S(x1, x2, x3, x4)= (x2, x1,−x3, x4). How-
ever,R4/G is not an S1-bundle due to Corollary 3.2: the only possible candidates for v are
vectors in the direction of one of e3 and e4, but both fail by the last part of the corollary.
Example 4.7. Next, we give an odd-dimensional example. Let G ⊂ IsomR2j+1 be
generated by
ti(x)= x + 2ei, i = 1, . . . ,2j and r(x)=Rx + 2e2j+1,
where R(x1, x2, . . . , x2j−1, x2j , x2j+1) = (x2,−x1, . . . , x2j ,−x2j−1, x2j+1), i.e., R is a
rotation by π/2 in each 2-dimensional plane spanned by e2i−1 and e2i , i = 1, . . . , j .
Clearly R2j+1/G is a flat manifold—it was obtained by the method of Example 4.5 by
using a certain rotation of the 2j -torus. Again, by Corollary 3.2 this is not an S1-bundle.
Notice that for j = 1 this is the manifold R3/G4.
We need the following lemma:
Lemma 4.8. Let G⊂ IsomRm and H ⊂ IsomRn be discrete, torsion-free groups yielding
compact flat manifolds. If neither Rm/G nor Rn/H are S1-bundles, then Rm+n/(G×H)
is not an S1-bundle provided that whenever e ∈G and f ∈H are translations so that 〈e〉
and 〈f 〉 are normal subgroups in G and g ∈G, h ∈H are nontranslational elements with
gk ∈ 〈e〉, hl ∈ 〈f 〉, then gcd(k, l) = 1.
In particular, if the holonomy groups of G and H are p-groups then Rm+n/(G×H) is
not an S1-bundle.
Proof. Apply Theorem 3.1 to G × H . Assuming that 〈(e, f )〉 is normal in G × H we
have 〈e〉  G and 〈f 〉  H . Since Rm/G and Rn/H are not S1-bundles, there exist
nontranslational elements g ∈ G and h ∈ H so that g /∈ 〈e〉 and h /∈ 〈f 〉, but there exist
k and l (and we take the smallest positive ones) such that gk ∈ 〈e〉 and hl ∈ 〈f 〉. The
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assumption of the lemma then gives a d = gcd(k, l) = 1. Let k = dq and l = dr . Then
(gq,hr )d ∈ 〈(e, f )〉 but (gq ,hr ) /∈ 〈(e, f )〉, which violates the second part of (ii) in
Theorem 3.1. ✷
Example 4.9. We can now construct an example of a non-S1-bundle in any dimension
n  3. Let n = 3q + r , where r = 3,4,5, q  0. Denote by E4 and G4 the manifold
and group, respectively, obtained in Example 4.6. Denote by Ei and Gi the i-dimensional
manifold and its group from Example 4.7 (i odd). The holonomy groups of G3, G4 and
G5 are Z4, Z4  Z2 and Z4, respectively. Using Lemma 4.8, we see inductively that
E =E3 × · · ·×E3 (q factors) is not an S1-bundle. In the same way, we see that E×Er is
not an S1-bundle.
We have seen that there exist flat 3-manifolds that are not S1-bundles. Coupled with
the fact that every flat 3-manifold bounds a finite volume hyperbolic 4-manifold (see [16])
this shows that, unlike hyperbolic 3-manifolds, some hyperbolic 4-manifolds may not be
embedded as codimension-2 complements.
It would be interesting to see some examples of 4-manifolds M that are codimension-2
complements inside a “familiar”, say, orientable, closed 4-manifold N .
Due to the Gauss–Bonnet theorem (see [12,10]), the volume of a hyperbolic 4-manifold
M is 4π2/3 · χ(M), where χ(M) is the Euler characteristic of M . It is reasonable to first
try manifolds with χ(M) = 1. Many of these were classified by Ratcliffe and Tschantz
in [19], where they also listed the types of ends of each one. Unfortunately, while there
are plenty of nonorientable ones that are codimension-2 complements, all the orientable
ones have as at least one component of boundary the manifold R3/G6, which is not an
S1-bundle.
There are, in fact, plenty of examples of orientable manifolds that are codimension-2
complements. Every example constructed in [14] using only blocks with side-pairing Φ1
is such (blocks with side-pairing Φ2 contribute boundary components of type R3/G6) and
so are the orientable examples from [16] with boundary components that are S1-bundles.
However, if we want M to be a codimension-2 complement inside a particular N4, then
the number of possible candidates is limited.
Proposition 4.10. Let M be a finite-volume noncompact hyperbolic (n+ 1)-manifold and
n = 4 (see Remark 1.3). If M = N − A, where A is a codimension-2 submanifold of N ,
then χ(M)= χ(N).
Proof. By Proposition 2.1 every boundary component Ei of M is an S1-bundle over a
componentBi ofA, i = 1, . . . ,m. Let Pi denote a 2-disk-bundle neighborhood of Bi inside
N . Then N =M ∪P1 ∪ · · · ∪Pm. The Mayer–Vietoris sequence for M and P1 ∪ · · · ∪ Pm
gives
χ
(
M ∪
(
m⋃
i=1
Pi
))
= χ(M )+ χ( m⋃
i=1
Pi
)
− χ
(
M ∩
(
m⋃
i=1
Pi
))
,
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which gives
χ(N)= χ(M)+
m∑
i=1
χ(Pi)−
m∑
i=1
χ(Ei).
However, since every Ei is a flat manifold and every Pi a disk bundle over a flat manifold
(so Pi is homotopy equivalent to Bi ), we get χ(Pi) = χ(Ei) = 0 for i = 1, . . . ,m. This
implies χ(M)= χ(N). ✷
Theorem 4.11. Let M be a finite-volume noncompact hyperbolic 4-manifold embedded
inside a compact 4-manifold N as a codimension-2 complement, i.e., M =N −A. Then A
is a disjoint union of tori and Klein bottles.
Furthermore, for a given N , there are only finitely many manifolds M with those
properties. In particular, there are at most finitely many noncompact hyperbolic 4-
manifolds that are codimension-2 complements inside S4.
Proof. In the notation of proof of Proposition 4.10, every Bi is a flat 2-manifold due to the
last statement of Theorem 3.1, thus, every Bi is a torus or a Klein bottle.
By Proposition 4.10 and Gauss–Bonnet’s theorem, Vol(M)= 4π2/3 · χ(M)= 4π2/3 ·
χ(N). However, Wang’s theorem (see [25]) asserts that there exist only finitely many
hyperbolic manifolds of dimension 4 with a given volume. ✷
We see that any hyperbolic 4-manifold candidates M for codimension-2 complements
inside S4 must have χ(M)= χ(S4)= 2. The only explicitly given examples of manifolds
M with this property that the author is aware of are two of his own, obtained in [14] from
a polyhedron by way of two different side-pairings. Further work may yet identify the
example obtained by using the side-pairing Φ1 as a codimension-2 complement inside the
4-sphere or another simple closed 4-manifold.
5. Hyperbolic manifolds as codimension-1 complements
Now we turn our attention to the codimension-1 case, k = 1. Assume M = N − A
is a codimension-1 complement. As we have seen in Section 1, every flat n-manifold E
bounding M must then be an S0-bundle over some n-manifold B . That is, E is a twofold
cover of B . We have
Proposition 5.1. Let B be an n-manifold doubly covered by a flat manifold E. If n = 4
(see Remark 1.3) then B is a flat manifold.
Proof. Since Rn is the universal cover of E, it is also the universal cover of B . The group
π1B cannot, therefore, have torsion as this would contradict Smith’s theorem (see proof of
Theorem 3.1). Now π1B has π1E as an index 2 subgroup, so the maximal free Abelian
subgroup of π1E has finite index in π1B . But (see [5]) a torsion-free group with a finite-
index free Abelian subgroup of rank n is necessarily a Bieberbach group, which, by a
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theorem of Auslander and Kuranishi (see [5]) is the fundamental group of an n-dimensional
flat manifold. Now Theorem 1.2 implies that B itself is flat. Notice that, when n= 3, B is
irreducible because its universal cover is R3. ✷
We may assume that N was formed like in the introduction. More precisely, let
∂M =E1 ∪ · · · ∪Em and suppose Ei pi→ Bi is a twofold covering for i = 1, . . . ,m, where
B1, . . . ,Bm are components of A. Define Pi to be (Ei × [0,1] ∪Bi)/(x,1)∼ pi(x). Then
Ei = ∂Pi and N =M ∪E1 P1 ∪E2 · · · ∪Em Pm, where each Pi is attached to M along its
boundary. Let Gi = π1Pi and Hi = π1Ei . We have that every Hi is a subgroup of both Gi
and π1M .
By van Kampen’s theorem, the fundamental group of N is going to be the amalgamated
product of π1M with G1, . . . ,Gm with amalgamating subgroupsH1, . . . ,Hm, respectively.
It will therefore contain free Abelian groups with rank greater than 1 (those that are
contained in the Hi’s), so the manifold N cannot be hyperbolic.
From the above decomposition of N we may deduce
Proposition 5.2. The universal cover of N is Rn+1.
Proof. Recall that a horoball in Hn+1 is a Euclidean ball in Hn+1 touching ∂Hn+1. The
point of touching is not in Hn+1, so the boundary of a horoball (called a horosphere) is
homeomorphic to Rn. Let Hn+1 p→M be the universal covering. Then (see [2]) p−1(Ei ×
[0,∞))= Ai , where Ai is a collection of disjoint horoballs. Let A = A1 ∪ · · · ∪Am—
note that the horoballs from the collections Ai , i = 1, . . . ,m, are all disjoint. We have
p−1(M)=Hn+1 − (⋃A∈A intA).
If we perform an inversion in one of the horoballs A ∈ A the outside of the horoball
will be mapped to the inside and ∂Hn+1 is mapped to a horosphere inside A that is the
boundary of some horoball A′ that touches ∂Hn+1 at the same point as A. The collection
A maps under this inversion to a collection of balls C contained in intA that is outside A′
but each ball in the collection touches ∂A′. Let U = A− (A′ ∪ (⋃C∈C intC))—it is clear
that U ∼= p−1(M).
Now note that the universal cover of each I -bundle Pi is Rn × [−1,1], which is
homeomorphic to a region between two horoballs. Call such a region V , for example
V ∼= A− intA′ from above. We construct the universal cover of N as follows. Into every
missing horoball of p−1(M) insert a region of type V . Now smaller horoballs are missing
from Hn+1. Into each insert a region of type U : now even smaller horoballs are missing,
along with some balls that touch their boundary (those corresponding to the collection C
in U ). Let W1 be the resulting subset of Hn+1. Now repeat the procedure: insert regions
of type V into the smaller balls and then regions of type U into the even smaller resulting
balls to get W2. Continuing inductively, we get a sequence of sets W1 ⊂W2 ⊂ · · · . It is
clear that
⋃
i Wi is the universal cover of N and it is not difficult to see that this space is
homeomorphic to Rn+1. ✷
The principal goal of the rest of this section is to show that, under appropriate conditions,
there are only finitely many N ’s inside which M is a codimension-1 complement. For
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simplicity of notation, assume M has only one end, so that ∂M = E and assume M
is a codimension-1 complement: M = N − B . We saw that E is a double cover of B:
let g¯ :E→ E be the order-2 deck transformation corresponding to that covering. It will
be useful to represent N in the following way: N = M/∼, where x ∼ x ′ if x ′ = g¯(x)
for x , x ′ ∈ ∂M . If E = Rn/H and g :Rn → Rn is a lift of g¯, then gHg−1 = H so
G = 〈H,g〉 is a subgroup of HomeoRn that contains H as an index-2 subgroup. Every
N corresponds to a g¯ ∈ HomeoE, which in turn corresponds to an index-2 extension of
H . There is a surjection from the set extH = {G⊂HomeoRn | [G :H ] = 2} to the set of
all manifolds N containing M as a codimension-1 complement. It is given by G → NG,
where NG =M/∼ and the relation ∼ is defined as above using g¯ :E→E induced by any
element of G−H . Clearly many groups G yield the same manifold N . We need to find all
the possible extensions of H and see which of them give the same manifold N .
Recall that for a space X, two maps f,g :X→ X are pseudoisotopic if there exists a
homeomorphism F :X × I → X × I so that F |X×{0} :X × {0} → X × {0} is equal to f
and F |X×{1} :X×{1}→X×{1} is equal to g. For G, G′ ∈ extH we now define G∼G′ if
there exists a homeomorphism f of Rn so that fGf−1 =G′, f hf−1 = h for every h ∈H
and f¯ :E → E is pseudoisotopic to identity, where f¯ is the map induced on E by f .
Clearly, ∼ is an equivalence relation and we define for a moment the reduced extensions
of H , redextH , to be extH/∼ (shortly, we will consider special reduced extensions of H
but retain the same notation).
Proposition 5.3. If G1 ∼G2, then NG1 ∼=NG2 .
Proof. Let E × [0,1] be a collar of E in M where E × {0} = ∂M and let M0 =
M − (E × [0,1)). If G1 ∼G2 and f is as in the definition of ∼ with F :E × [1/2,1]→
E × [1/2,1] realizing the pseudoisotopy between F1/2 = f¯ and F1 = 1E , we define the
homeomorphismw :NG1 →NG2 on a part of NG1 as follows: w|M0 = 1, w|E×[1/2,1] = F .
Letting g1 ∈G1−H and setting g2 = fg1f−1 ∈G2−H shows there is a homeomorphism
E/g¯1 →E/g¯2 induced by f¯ . Thus, the map f¯ × 1 :E× [0,1/2]→E × [0,1/2] induces
a map E × [0,1/2]/g¯1 → E × [0,1/2]/g¯2 (where g¯1 and g¯2 act on E × {0}). But this
is exactly the piece of NG1 on which w has not yet been defined so we make w be this
induced map on the remaining piece of NG1 . ✷
Of course, Proposition 5.3 gives a surjection redextH → {manifolds inside which M is
a codimension-1 complement}. The following example tells us that, in general, there will
be infinitely many elements of redextH .
Example 5.4. Let H ⊂ R2 be generated by translations by two orthonormal vectors e1
and e2, and let G= 〈H,g0〉, where g0 is a reflection about e1 combined with a translation
by 12e1. G is an index-2 extension of H which is its maximal Abelian group, and the
holonomy group of G is Z2 = {1, σ }. The subgroup H0 = {h ∈ H | σ · h = −h} is
generated by e2. Let gk be a linear transformation of R2, given by the matrix
[
1 k
0 1
]
,
k ∈ Z. Letting Gk = gkGg−1k we get a family of index-2 extensions of H inside which
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H is the maximal Abelian subgroup. For the nontrivial element σ of the holonomy group
of Gk we set Hk = {h ∈ H | σ · h = −h} = 〈ke1 + e2〉. Suppose that Gk ∼ Gl : then
there is f ∈ HomeoRn so that fGkf−1 = Gl and f hf−1 = h for every h. Since the
restriction of any isomorphism between crystallographic groups respects the action on the
maximal Abelian group, we get that Hl = fHkf−1 =Hk , implying k = l. Therefore, the
set redextH has infinitely many elements.
The above example shows that we must place restrictions on the type of extensions
of H if redextH is to be finite. A good condition turns out to be that extensions have
the same holonomy group. More precisely, let H ⊂ G, [G : H ] < ∞ and let H be
(an abstract) crystallographic group. Then G is crystallographic, so it fits into an exact
sequence 0 → K → G p→ Φ → 1. We will say that G and H have the same holonomy
group if p|H :H → Φ is surjective. If L is the maximal Abelian subgroup of H , then it
easily follows that H ∩K = L, [K :L] = [G :H ] and G= 〈H,K〉.
From now on we let redextH = {G ∈ HomeoRn | [G : H ] = 2 and G and H have
the same holonomy group}/∼. Our investigation of | redextH | starts with the simplest
situation.
Proposition 5.5. Let H ⊂ IsomRn be a group of translations of rank n and α a
given integer. Then there exist only finitely many index-α extensions of H by groups of
translations (i.e., crystallographic groups with the same trivial holonomy group as H ). If
α = 2, then there are exactly 2n − 1 such groups.
Proof. Let G be an index-α extension of H . We may choose bases u1, . . . , un of H and
v1, . . . , vn of G so that u1 = α1v1, . . . , un = αnvn where every integer αi divides αi+1
for i = 1, . . . , n − 1 (see [15]). Since α = ∏ni=1 αi , every αi divides α. Consider the
group H ′ = 1
α
H with basis u′i = 1α ui , i = 1, . . . , n. We have H ⊂ G ⊂ H ′. There is a
1-1 correspondence (G↔G/H ⊂H ′/H ) between index-α extensions of H and order-α
subgroups of H ′/H = Znα . However, there are only finitely many of the latter. When α = 2,
order-2 subgroups of Zn2 are determined by order-2 elements of that group, of which there
are 2n − 1: all but zero. ✷
Theorem 5.6. Let H ⊂ IsomRn be a crystallographic group and α a positive integer. Then
there exist only finitely many index-α extensions of H by groups of isometries having the
same holonomy group as H . If α = 2 then this number is at most 2n − 1.
Proof. Let K ⊃ L be the maximal Abelian subgroups of G and H . Since G= 〈H,K〉 and
by Proposition 5.5 there are only finitely many choices for K we get only finitely many
G’s: at most as many as there are index-α extensions of L. Notice that not every index-α
extension of L generates, with H , an index-α extension of H (hence we can claim only
“at most”). The reason is that the action of the holonomy group Φ on L need not extend to
an extension K of L (see Theorem 6.1 and Example 7.2). ✷
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Theorem 5.6 takes care of extensions of H that are subgroups of IsomRn. To deal with
any extension G of H that has the same holonomy group as H we do the following. (Note
that “holonomy group” here is the one we get by considering G and H as abstract groups,
since there is no homomorphism G→ O(n).) By Theorem 1.2, when n = 4 there is a
homeomorphism g¯ :Rn/G→ Rn/G′, where G′ ⊂ IsomRn. Any lift g :Rn → Rn of g¯
then satisfies gGg−1 = G′. Let H ′ = gHg−1. Then H ′ is a subgroup of IsomRn, so by
Bieberbach’s second theorem (Theorem 1.1) there is an affine transformation d so that
dghg−1d−1 = h, i.e., conjugating by d is the inverse of the isomorphism H →H ′ induced
by conjugating by g. If K ′ is the subgroup of translations of G′, then G′ = 〈H ′,K ′〉,
as G′ and H ′ have the same holonomy group. Then dG′d−1 = 〈dH ′d−1, dK ′d−1〉, so
dG′d−1 ⊂ IsomRn since dK ′d−1 is a group of translations and dH ′d−1 = H . Letting
f = dg, we found that every extension G of H is conjugate to an extension G′′ ⊂ IsomRn
via a map f :Rn→Rn satisfying f hf−1 = h for every h ∈H . (Notice that the assumption
that G and H have the same holonomy group is crucial here to conclude that dG′d−1 ⊂
IsomRn. It is here that this proof breaks down if we go through Example 5.4 to try to show
that Gk ∼G. Those groups are indeed conjugate, but the conjugation does not fix H .)
We have
Proposition 5.7. Let n = 4 (see Remark 1.3). Then | redextH | = |{index-2 extensions of
H by groups of isometries with same holonomy group as H}|.
Proof. Let {Ga | a ∈ A} be the collection extensions of H as in the statement. By the
above discussion (n = 4), for any index-2 extension G of H with the same holonomy
group, there is an f ∈HomeoRn so that fGf−1 =Ga for some a ∈A and f hf−1 = h for
every h ∈H . Now f induces a map f¯ :E→E, so that the map f¯∗ :π1E→ π1E is trivial
(if necessary, isotope f¯ so that it has a fixed point). Since E is aspherical, Whitehead’s
theorem tells us that f¯ is homotopic to the identity.
However, every homeomorphism of a flat manifold that is homotopic to the identity is
pseudoisotopic to the identity. For n= 2 this is a theorem of Baer (see [6]). When n= 3,
this is a result of Waldhausen [24, Theorem 7.1]. (Even stronger in these two cases, one gets
that the map is isotopic to the identity.) When n 4, this follows immediately from Farrell
and Hsiang’s theorem (Theorem 1.5) for k = 1 andXn+k =E×I : let F :E×I →E×I be
the homotopy joining f¯ and 1E in the E-coordinate and just t in the I -coordinate. Since
1 :E × I → E × I is another homotopy-topological structure on E × I , by triviality of
S(E× I) there is a homeomorphismG :E× I →E× I so that 1 ◦G# F (relE×{0,1}).
It follows thatG0 = F0 = f¯ , but thenG is a pseudoisotopy joining f and 1E . ThusG∼Ga
for some a ∈A.
To finish we just need to check that Ga ∼Gb implies a = b. Really, let Ka , Kb and L be
the maximal Abelian subgroups of Ga , Gb and H and assume there is an f ∈ HomeoRn
so that fGaf−1 = Gb and f hf−1 = h for every h ∈ H . If t ∈ Ka − L, then t2 ∈ L,
so (f tf−1)2 = f t2f−1 = t2. Since in a free Abelian group there is only one element
whose power gives another element, we deduce f tf−1 = t , so Ka = Kb , which forces
Gb = 〈H,Kb〉 = 〈H,Ka〉 =Ga . ✷
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Putting together Theorem 5.6, Propositions 5.7, 5.3 and the fact that M has k ends, we
immediately get
Theorem 5.8. Let n = 4 (see Remark 1.3) and let Mn+1 be a noncompact finite-volume
hyperbolic manifold with k ends. Assume that each component E of the boundary of M
doubly covers a manifold with the same holonomy group as E. Then there are at most
(2n−1)k nonhomeomorphic manifoldsN so thatM =N−A, where A is a set of k disjoint
flat manifolds whose every component is double-covered by a boundary component of M
and has the same holonomy group.
Finally, we mention an interesting fact that is equivalent to Theorem 5.6.
Proposition 5.9. Let H ⊂G be (abstract) crystallographic groups where H has the same
holonomy group as G and [G :H ] is finite. If AutH denotes the group of automorphisms
of H and AuteG H = {f ∈ AutH | f extends to G} then [AutH : AuteG H ] is finite. If
[G :H ] = 2, then [AutH :AuteG H ] 2n − 1.
Proof. Let 0 → L→ H → Φ → 1 be the exact sequence corresponding to H and let
c be the normalized cocycle in H 2(Φ;L) that determines the multiplication in H (see
Section 1). Just like in the proof of Proposition 5.5, embedL into L′ = 1
α
L, where α = [G :
H ] = [K :L]. Any f ∈AutH must satisfy f (c(σ,σ ′))= c(f ·σ,f ·σ ′) and its restriction
to L extends to a map f ′ :L′ → L′. Then (σ, l′) → (f · σ,f ′(l′)) defines an extension of
f to H ′ that we also call f ′. It is clear that f extends to G if and only if f ′(G) = G
and there is a bijective correspondence AutH/AuteG H → {f ′(G) | f ∈ AutH }. Since
f ′(G)= 〈H,f ′(K)〉, the latter set has at most as many elements as index-α extensions of
L inside L′ and this number is finite by Proposition 5.5 (the proof carries over word for
word to the abstract free Abelian group case). ✷
6. Criteria for groups of flat manifolds to have an index-2 torsion-free extension
with the same holonomy group
Our next task is to find a convenient criterion to check when a flat manifold E = Rn/H
doubly covers another flat manifold with the same holonomy group, which is equivalent
to checking whether H has an index-2 extension by an isometry group with the same
holonomy group. We do this by considering H as an abstract crystallographic group.
Let H be a crystallographic group and 0 → L → H → Φ → 1 its corresponding
exact sequence (see Section 1), where L is the maximal free Abelian subgroup of H
and rankL = n. We think of Φ as the subgroup of AutL. Along the lines of proof of
Proposition 5.5, embed L into a free Abelian group L′ = 12L. (That is, if u′1, . . . , u′n is a
basis a basis of L′, then elements ui = 2u′i , i = 1, . . . , n are a basis of L.) Notice that for
every element l ∈ L, 12 l is well-defined. An element σ of Φ extends to an automorphism
σ ′ of L′ which induces an automorphism σ ∗ :L′/L → L′/L. Let L∗ = L′/L ∼= Zn2
and Φ∗ = {σ ∗ | σ ∈ Φ} ⊂ AutL∗. Index-2 extensions of L inside L′ are in one-to-one
correspondence with nonzero elements of L∗ (see proof of Proposition 5.5).
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If, as in Section 1, H is represented as Φ×L with the multiplication rule (σ, l)(σ ′, l′)=
(σσ ′, σ · l′ + l+ c(σ,σ ′)), then H ′ =Φ×L′ can be given a group structure using the same
rule, since all the operations are defined. We simply interpret c(σ,σ ′) to be an element of
L′ ⊃ L—in this setting it is still a cocycle. If G is an index-2 extension of H with the same
holonomy group, and K its maximal Abelian subgroup, then G can be embedded in H ′,
because the action of Φ extends to K .
We note that H ′ need not be torsion-free, even if H is (see Example 7.3).
Theorem 6.1. Let H be a crystallographic group. The following are equivalent:
(i) H has an index-2 extension G with the same holonomy group.
(ii) There exists a vector in L∗ that is a 1-eigenvector for all elements of Φ∗.
Proof. (i)⇒ (ii) EmbedG intoH ′ and let t∗ ∈ L∗ correspond to K . We haveL⊂K ⊂ L′.
It is easy to see that σ ∈AutL extends to an automorphism of K if and only if σ ′ :L′ → L′
preserves K and this happens if and only if σ ∗(t∗)= t∗. Since every σ ∈Φ extends to K
we get σ ∗(t∗)= t∗ for every σ ∗ ∈Φ∗.
(ii) ⇒ (i) The fact that a common 1-eigenvector t∗ exists for the action of Φ∗ on
L∗ immediately implies that there exists a Φ-invariant index-2 subgroup K ⊂ L′. Then
G = 〈K,H 〉 contains H as a subgroup and G and H clearly have the same holonomy
group. Since H acts on L by conjugation and this action extends to K we get that
hkh−1 ∈ K for every k ∈ K and h ∈ H . Then it is readily shown that 〈K,H 〉 = KH ,
so every element of G−H can be represented in form kh for some fixed k ∈K −H and
some h ∈H . It follows that H has index-2 in G. ✷
Now let H be torsion-free. If condition (ii) from Theorem 6.1 is satisfied and we
construct G there is no guarantee, in general, that G is torsion-free. In order to achieve
that we will need additional assumptions.
Assume Theorem 6.1(ii) holds, let t∗ be a 1-eigenvector for the action of Φ∗ on L∗ and
let t ∈ L′ be any element such that t + L = t∗. Construct K and G as in Theorem 6.1.
We will say that the extensions K = 〈t,L〉 ⊂ L′ and G= 〈t,H 〉 are induced by t . Every
element of G−H can uniquely be written as th, for some h ∈ H . Notice that H , being
index-2 in G, is a normal subgroup of G so there is a homomorphism ψ :G→ Z2 with
kernel H . The following theorem gives some sufficient conditions that ensure torsion-
freeness of G.
Theorem 6.2. Let H be a Bieberbach group and G an index-2 extension of H with the
same holonomy group induced by an element t ∈ L′ = 12L. Then G has torsion if and only
if there exists an element h ∈H such that (th)2 = 1, or, equivalently, t (hth−1)h2 = 1.
In particular, if any of the following holds, G is torsion-free.
(i) The holonomy group of H has odd order.
(ii) The element t is inside a subgroup L1 ⊂ L′ which is kept invariant by the action of
H on L′ and which contains no power of any nontranslational h ∈H .
(iii) For every h ∈H , hth−1 = t±1 and hk ∈ 〈t〉 implies h ∈ 〈t〉.
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Proof. Since (th)2 = t (hth−1)h2 and th is nontrivial (because t /∈ H ) we have one
direction of the equivalence. For the other one, let th be an element of G and let (th)k = 1
for some positive integer k. We must have k = 2l, since otherwise ψ((th)k)= 1 ∈ Z2. This
gives ((th)2)l = 1 which implies (th)2 = 1 because (th)2 ∈H and H is torsion-free.
Notice that to check for torsion-freeness of G we do not have to worry about translations
h in H possibly satisfying (th)2 = 1: if h is a translation, then th is a nonzero translation
because t /∈H , so th has infinite order and cannot satisfy (th)2 = 1. We now explain how
each of the conditions (i)–(iii) imply the nonexistence of an h ∈H with t (hth−1)h2 = 1.
(i) The equation h2 = (t (hth−1))−1 implies that h2 is a translation (hth−1 ∈ K since
conjugation by elements in H extends to K). But h2 cannot be a translation if h is a
nontranslational element and Φ has odd order.
(ii) Assuming h2 = (t (hth−1))−1 again gives that h2 is a translation that should be in
L1, because both t and hth−1 are, contradicting the assumption of (ii).
(iii) We have t (hth−1) = 1 or t (hth−1) = t2. If t (hth−1)h2 = 1 were satisfied for an
element h ∈H we would get either h2 = 1 or h2 = t−2. The first is impossible by torsion-
freeness of H , the second by the assumption of (iii). ✷
Corollary 6.3. If a Bieberbach group H contains an element f so that 〈f 〉 is a normal
subgroup of H and for every h ∈ H , hk ∈ 〈f 〉 implies h ∈ 〈f 〉, then it has a torsion-free
index-2 extension G with the same holonomy group.
In other words, if n = 4 (see Remark 1.3) and E =Rn/H is an S1-bundle, then it is an
S0-bundle over a flat manifold with the same holonomy group as H .
Proof. Form L′ = 12L, where L is the translation subgroup of H . In the proof of
Theorem 3.1 we saw that f ∈ L, so let t ∈ L′ be such that t = 12f . Then hf h−1 = f±1
for every h ∈H gives σ · f = f±1 for every σ ∈Φ , which in turn implies σ ∗(t∗)= t∗ for
every σ ∗ ∈ Φ∗. Theorem 6.1 now gives an index-2 extension G of H induced by t . It is
clear that hth−1 = t±1 and hk ∈ 〈t〉 implies h ∈ 〈t〉 for every h ∈H , henceG is torsion-free
by Theorem 6.2(iii). ✷
7. Examples
We use the theorems from Section 6 to check which flat 3-manifolds are S0-bundles
and to give examples of flat manifolds in every dimension that are not S0-bundles over
manifolds with the same holonomy group. This will show that, like for the codimension-2
case, there are hyperbolic 4-manifolds that are not codimension-1 complements, and that
this problem is very likely in higher dimensions as well.
Finite coverings by flat manifolds were considered by Epstein and Shub in [7], where
they showed that every flat manifold with holonomy group Φ = 1 covers itself with index
k|Φ| + 1 for k  1. This index is always greater than 2, however. It appears that a fairly
large number of manifolds satisfy the conditions of Theorems 6.1 and 6.2, giving plenty of
examples of flat manifolds doubly covering flat manifolds with the same holonomy group.
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Example 7.1. From Section 4 we know that R3/G1, R3/G2 and R3/Bi , i = 1, . . . ,4, are
all S1-bundles. Corollary 6.3 implies they are S0-bundles over flat 3-manifolds with the
same holonomy groups.
Example 7.2. Consider R3/G3. We may take as the fundamental polyhedron for G3 an
upright prism of height 2 based on a regular hexagon. The group G3 is generated by
transformations r , t1 and t2, where r is a translation in the x3-direction by 2 followed
by a rotation by 2π/3 about the x3-axis and t1 and t2 are translations pairing two pairs of
parallel vertical sides of the prism. Choose t1 and t2 so that the angle between the vectors
of t1 and t2 is π/3. The translation subgroup L is generated by t1, t2 and t3 = r3; the
holonomy group Φ of G3 is Z3. Let σ ∈ Φ be the image of r under G3 → Φ . Then the
matrices of σ and σ ∗, in basis vectors t1, t2, t3 of L and basis vectors induced by t1, t2, t3
on L∗, respectively, are
σ =
−1 −1 01 0 0
0 0 1
 and σ ∗ =
 1 1 01 0 0
0 0 1
 .
The only eigenvector of σ ∗ in L∗ is (0,0,1). According to Theorem 6.1, G= 〈 12 t3,G3〉 is
an index-2 extension of G3 which is torsion-free by Theorem 6.2(i).
It is easily computed that G is generated by t1, t2 and r ′, where r ′ is a translation in the
x3-direction by 1 followed by a rotation by −2π/3 about the x3-axis. Notice that G∼= G3
since it has the same holonomy group as G3 and G3 is the only flat 3-manifold group with
holonomy group Z3.
Example 7.3. The group G5 exhibits rather different behavior from G3. Let t1 and t2 have
the same meaning as in Example 7.2, but let r now be a translation in the x3-direction
by 2 followed by a rotation by π/3 about the x3-axis. The translation subgroup L of G5
is spanned by t1, t2 and t3 = r6; the holonomy group Φ of G5 is Z6. Again, an upright
hexagonal prism of height 2 may be taken as a fundamental polyhedron for G5. If σ is the
the generator of Φ , then
σ ∗ =
0 1 01 1 0
0 0 1
 ,
which means that its only eigenvector in L∗ is (0,0,1). Then the only possible index-
2 extension of H will be induced by element t = 12 t3 ∈ L′. However, this extension has
torsion since t−1r3 is a rotation about the x3-axis by angle π . This shows G5 has no index-
2 extensions with the same holonomy group.
For illustrative purposes, we used a geometric argument to show that every index-2
extension of G5 must have torsion. Actually, we can consider G5 as an abstract group
(not embedded in IsomRn) and arrive at the same conclusion. The equation rt3r−1 = t3
holds in G5, which implies rtr−1 = t , since the action of Φ extends to K = 〈t,L〉. Now
(t−1r3)2 = t−1r3t−1r3 = t−1(r3t−1r−3)r6 = t−2r6 = t−13 r6 = 1. Similar purely algebraic
considerations can be carried out in other examples as well.
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For any index-2 torsion-free extension G of G5 with a holonomy group different from
that of G5, the order of the holonomy group of G would have to equal 12, but no such
Bieberbach group exists in dimension 3.
Example 7.4. A fundamental polyhedron for the group G4 is the cube C = [−1,1]3. Its
side-pairings (generating G4) are the two perpendicular translations t1 and t2 pairing the
vertical sides of the cube and the transformation r that is a translation in the x3-direction by
2 followed by a rotation by π/2 about the x3-axis. The translation subgroupL is generated
by t1, t2 and t3 = r4; the holonomy group Φ of G4 is Z4. If σ is the generator of Φ , then
σ ∗ has as its matrix0 1 01 0 0
0 0 1
 .
One of its eigenvectors is (1,1,0). The index-2 extension G induced by the translation
t = 12 (t1 + t2) ∈ L′ is torsion-free by virtue of Theorem 6.2(ii). (The subgroup L1 from
Theorem 6.2(ii) is contained in the plane spanned by t1 and t2 while every power of a
nontranslational element that is a translation is in the direction of t3.) Since the holonomy
of G is Z4 and no flat 3-manifold group other than G4 has Z4 as its holonomy group, we
conclude G∼= G4.
Example 7.5. Consider G6, whose fundamental polyhedron and generating transforma-
tions were described in Example 4.2. The subgroup L of translations is generated by
t1 = r21 , t2 = (r2r−11 )2 and t3 = r23 , which are translations by vectors (2,−2,0), (2,2,0)
and (0,0,2), respectively. The holonomy group of G6 is Φ ∼= Z2 × Z2. It is easy to see
that the matrix of every element of Φ∗ is I , so every nonzero vector t∗ in L∗ is an eigen-
vector for every element of Φ∗. However, no index-2 extension of G6 is torsion-free. Let
t∗ = (1,0,0) and consider the group G induced by the element t = 12 t1 ∈ L′. We have
(tr−11 )2 = 1, since tr−11 is a rotation by π about an axis. If t∗ = (1,1,0), G is induced by
the element t = 12 (t1 + t2) ∈ L′. But then t (r−11 tr1)= r21 , yielding torsion by Theorem 6.2.
We reason similarly if t∗ has zeroes in other coordinates. Finally, if t∗ = (1,1,1), G is
induced by t = 12 (t1 + t2 + t3), and we get t (r−11 tr1)= r21 again.
Thus, G6 has no index-2 torsion-free extension with the same holonomy group. Any
index-2 extension with holonomy group different from that of G6 would have to have
holonomy group of order 8. However, since no flat 3-manifold group has a holonomy
group of order 8, this is impossible.
These examples yield
Corollary 7.6. Among flat 3-manifold groups, only G5 and G6 do not allow an index-2
extension, while all others allow one having the same holonomy group. In other words,
only R3/G5 and R3/G6 are not S0-bundles so they do not allow a free Z2 action on them.
Every other flat 3-manifold E doubly covers a flat manifold with the same holonomy group
(and thus allows a Z2 action).
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In the same spirit as in Section 4 we may construct flat manifolds of every dimension
that are not S0-bundles over a manifold with the same holonomy group.
Example 7.7. Again, we have to separately devise a 4-dimensional example. Notice that
rotation by π about the axis in the direction of t1 induces an isometry s¯ of the manifold
E = R3/G5 (see Example 7.3). Using Example 4.5, the group H ⊂ IsomR4 generated
by extensions of t1, t2, r and by s, where s(x) = Sx + (0,0,0,2), gives rise to a flat 4-
manifold. The matrix of S written in the basis that are the translation vectors of t1, t2, t3
and t4 = s2 is
1 1 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 .
By Theorem 6.1 only vectors 12 t3,
1
2 t4 or
1
2 (t3 + t4) yield an index-2 extension of H .
However, the extension induced by 12 t3 has torsion as in Example 7.3, and the one induced
by t = 12 t4 has torsion because t−1s is the rotation S. Finally, if t = 12 (t3 + t4), then t−1r3s
is the rotation about an axis perpendicular to the vectors of t1 and t3 extended to R4.
Example 7.8. There is an odd-dimensional example just like Example 4.7. Let t1, . . . , t2j
be translations by unit length, so that t2i−1 and t2i , i = 1, . . . , j , subtend an angle of π/3
and are both contained in the plane spanned by e2i−1 and e2i . Let R be transformation that
rotates all planes spanned by e2i−1 and e2i by π/3 and let r(x)= Rx + 2e2j+1. Then it
is clear that R2j+1/〈t1, . . . , t2j , r〉 is a flat (2j + 1)-manifold but not an S0-bundle by the
same argument as for R3/G5: the only possibility for t is e2j+1, but that is ruled out since
(tr−3)2 = 1.
Note that Examples 4.6 and 4.7, while failing to be S1-bundles, are S0-bundles, so we
could not have used them here. They also show that the converse to Corollary 6.3 is not
valid.
An even easier analogue to Lemma 4.8 will give examples in every dimension:
Lemma 7.9. Let H1 ⊂ IsomRm and H2 ⊂ IsomRn be discrete, torsion-free groups
yielding compact flat manifolds. If neither Rm/H1 nor Rn/H2 are S0-bundles, then
Rm+n/(H1 ×H2) is not an S0-bundle.
Proof. If Li and Φi have their usual meaning for the groups Hi , i = 1,2, then the
holonomy group of H1 × H2 is Φ1 × Φ2 and the maximal Abelian group in H1 × H2
is L1 × L2. Let t = (t1, t2) ∈ L1 × L2 be such that t∗ is an eigenvector for every
σ = (σ1, σ2) ∈ Φ∗. Then it follows that t∗i is an eigenvector for every element of Φ∗i .
Since H1 and H2 are not S0-bundles, by Theorem 6.2 there are nontranslational elements
hi ∈ Hi , i = 1,2 so that (tihi)2 = 1. Of course, then (t1h1, t2h2)2 = 1 so the extension
using t has torsion. This, along with Theorem 6.1 implies that H1 × H2 cannot have a
torsion-free extension of index-2 and same holonomy group. ✷
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Example 7.10. An example of a non-S0-bundle in any dimension 3 can now be obtained
in the same way as in Example 4.9. Of course, due to Corollary 6.3, these may be used as
examples of non-S1-bundles as well.
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